Solution
RELATIONS AND FUNCTIONS
Class 12 - Mathematics

(a) An equivalence relation

Explanation:

R = {(P, Q): distance of point P from the origin is the same as the distance of point Q from the origin}
Let origin be O

Hence OP = 0Q

So,

R = {(P, Q): OP = 0Q}

Check reflexive

since, point P and point P are same

Distance of Point P from origin = Distance of point P from the origin
So, (P, P) € R,

.. Ris reflexive.

Check Symmetric

If Distance of Point P from origin = Distance of point Q from the origin
then,

Distance of Point Q from origin = Distance of point P from the origin
So, if (P, Q) € R, then (Q, P) € R

.". R is symmetric.

Check transitive

If Distance of Point P from origin = Distance of point Q from the origin
& Distance of Point Q from origin = Distance of point 5 from the origin
then

Distance of Point P from origin = Distance of point S from the origin
So,if (P, Q) € R&if(Q,S) € R,then (P, S) € R

.". R is transitive.

Since R is reflexive, symmetric & transitive.

.". R is an equivalence relation.

(a) Reflexive and symmetric but not transitive
Explanation:

Reflexivity: clearly for every a € S (real number)
la—al=0<1

= R is Reflecxive

Symmetric: (a, b) € R

= Ja—bl<1

= |b-1/<1

= (ba) €R

.". R is Symmetric

Transitive: (a, b), (b, ) in R
=la—b/<land|b—c|/<1

Now, [a—c|=|la—b+b—c| <|a—b|+|b—¢|
Which need not be less than 1

So, R is not Transitive

.". R is Reflexive and symmetric but not transitive.

(a) one-one onto

Explanation:
f(x) = 2x3 + 2x% + 300x + 5 sin x

f'(x) = 6x% + 4x + 300 + 5 cos X
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= 2(3x2 + 2x + 147) + (6 + 5¢0s X)
Since-1<cosx < 1Vz € R

c.6+5cosx>0

let g(x) = 3x% + 2x + 147

Sincea=3>0andD =(2)2-4 x 3 x 147<0
C.8x)>0

f'(x)>0

.. f(x) is an increasing function therefore said to be 1 -1 function.
Now, f(c0) = - 0o and f(c0) = 0o

.. f(x) is continuous also.

.". Range of f = codomain of f =R

.. fis onto.
4.

d) g(z) = sin(g—z)

Explanation:

Giventhat A={z: -1<z <1}

fl@)=35

It is one-one but not onto.

g(x) = sin (%)

It is bijective as it is one-one and onto with range [-1, 1].

h(x) = [x|

It is not one-one because h(-1) = 1 and h(1) = 1.

Kk(x) = x2

It is not one-one because k(-1) = 1 and k(1) = 1.
5.

@ (=3, %)

Explanation:

f(x) = tan~! ( 12“” - ) =2 tan"lx

f(x) is one-one and onto
i.e., f'(x) > 0 or f'(x) < 0 and co-domain = range of f(x)

B = f(-1, 1) = (2 tan"!(-1), 2 tan"'(1))

= (22 (-1).2%9) =59

6. one - one and onto
f(x) = x°

:>y=X5

Since the lines do not cut the curve in 2 equal valued points of y, therefore, the function f(x) is one - one.
The range of f(x) = (-00, co0) = R (Codomain)

.. f(x) is onto

.. f(x) is one - one and onto.
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7. We have

(w% + x120 + x%) =0
[(@1+2)" + 3a8] =0

= (@1 — 22 > "
2
= (x1 —22)=0 [ (ml—i-%) +%m§7é0]
= T = T2
f is one one.

Lety € Rand let y = z*. Then,z = y*/* € R
Thus, for each y in the codomain R there exists yl/ 3
Thus, for each y in the codomain R there exists y in R such that
FW) =) =y
Hence, y is one-one onto.
8. For not one-one:
1.1, 1.2 € R(domain)
now,1.1 # 1.2 but f(1.1) = f(1.2) = 1 = f is not one-one.
For not onto:
Let % € R (co-domain), but [x] = % is not possible for x in domain.

so, f is not onto.

9. To show: f: R — R : f(x) = 1 + x% is many - one into.

Proof:
fx)=1+ X2
o,by=1+ x?

Since the lines cut the curve in 2 equal valued points of y, therefore, the function f(x) is many-one.
The range of f(x) = [1, c0) # R (Codomain)
.. f(x) is not onto
= f(x) is into
Hence, f: R — R : f(x) = 1 + x? is many-one into.
10. f is one-one since each element of A is assigned to distinct element of the set A. Also, f is onto since f (A) = A. Moreover, {1 =
{(b, a), (d, b), (a, ), (¢, d)}.
11. We have S = {(a, b: a < b3} where a, b € R.

i. Reflexive: we observe that, % < (% ) s is not true.
(%, %) & S. So, S is not reflexive.
ii. Symmetric: We observe that 1 < 33 but 3 f 13ie., (1,3) € Sbut (3, 1) ¢ S. So, S is not symmetric.
iii. Transitive: We observe that, 10 < 33 and 3 < 23 but 10 f 23,
i.e., (10, 3) € S and (3, 2) € S but (10, 2) £ S.
So, S is not transitive.
.". S is neither reflexive nor symmetric, not transitive.
12. Given relation R on N defined by {(a,b): a is multiple of b}.
Here R satisfies the following properties:

1. Reflexivity
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13.

14.

Let a be an arbitrary element of N. Then, a = (a X 1)
i.e a is a multiple of a

c.(a,a) € RYae N

So, R is reflexive.

2. Transitivity

leta, b, c € N such that (a,b) € Rand (b,c) € R
= ais a multiple of b and b is a multiple of c

= a = bd and b=ec for some d,e € N

= a= (ce)d

= a=c(ed)

= a is a multiple of ¢

. (a,b) € Rand (b,c) € R= (a,c) €R

Hence, R is transitive.

3. Symmetric

Clearly, 6 and 2 are natural numbers and 6 is a multiple of 2.
. (6,2)€ER

But 2 is not a multiple of 6.

-.(2,6)¢R

Thus, (6,2) € Rand (2,6) € R

Hence, R is not symmetric.

R is not reflexive, as a line L; cannot be | to itselfi.e (L, L;) € R

Let (L1,Ls) €R

=L;1lL

=Lyl L

= Ly, L) ER

= R is symmetric

Let (L1, Ls) € R and (L2, L3) € R ,then
LiLlLyandL, L Lj

Then L can never be L to Ly infactL || L3
i.e (Ly, Ly) €R, (LyL3) €R.

But (L, L3) € R

R is not transitive.
Given, f(z) =

z
For one-one Let X1, Xy € R, such that f(x;) = f(xp)

1 1 ; 1
il [put xq and xp in f(x) = -1
= X1 = Xp
So,f is one-one
For onto Let y € R be any arbitrary element.

Then, y = {(x)

” [expressing x in terms of y]

It is clear that for every y € R(codomain), x € R(domain)
Thus, for each y € R(codomain), there exist

x= i € R (domain), such that f(z) = f (i) — (% —y
Yy
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[i.e., every element of codomain has pre-image in domain]
So, f is onto.
15. Given a relation Rin A X A where A = {1,2,3,...,9}, defined as (a, b) R (¢, d),ifa+d=b +c.
Reflexive: Let (a, b) be any arbitrary element of A X A,
i.e.(a,b) € A X A, wherea,b € A.
Now, as @ + b = b + a [addition is commutative]
.".(a,b)R(a,b)
So, R is reflexive.
Symmetric:
Let (a,b), (¢,d) € A x A such that (a, b) R (c, d)
Then,a+d=b+c¢
=b+c=a+d = c+ b=d+ aladdition is commutative]
= (¢,d)R(a,b)
Transitive: Let (a,b), (¢, d), (e, f) € A X A such that (a, b) R (¢, d) and (c, d) R (e,f).
Then,a+d=b+candc+ f=d+e
On adding the above equations, we get
a+d+c+f=b+c+d+e
=a+ f=b+e = (a,b)R(e, f)
So, R is transitive.
Thus, R is reflexive, symmetric and transitive.
Hence, R is an equivalence relation.
Now, for [(2, 5)], we will find (c,d) € A X Asuchthat2+d=5+cord-c=3
Clearly, (2,5) R (1,4)as4-1=3
(2,5)R(2,5) asb —2=3
(2,5)R(3,6) as6 —3=3
(2,5)R(4,7)as7—4=3
(2,5 R (5 8)as8-5=3
and (2,5 R(6,9)as9-6=3
Hence, equivalence class [(2, 5)] = { (1, 4), (2, 5),(3, 6), (4, 7),(5, 8),(6, 9)}.

16. f is one-one: For any X, y € R, we have {(x) : f(y)
z Y
Lilz| — Jyl+1

= Xyt+tX=Xxyty

= X=y

Therefore, f is one-one function.

If f is one-one, let y = R — {1}, then f(x) = y

[
ac+1_y
Y

:>$:E

It is clear that x € R for all y = R — {1}, also x #=-1
Because x = -1

Y [

=y =-1 + y which is not possible.
Thus for each R — {1} there exists £ = %y € R - {1} such that
Y

f@)=gh=a"5=v
1-y
Therefore f is onto function.
17. Given that A = {2, 3,4},B={2,5,6, 7}
1.Let f: A— B defined by
f={(y):y=x+3}
ie. f={(2,5),(3,-6), (4,7} f={(2,5), (3, 6), (4, 7)} which is an injective mapping.
2.Let g: A — B denote a mapping such that g = {(2, 2), (3, 5), (4, 5) which is not an injective mapping.
3.Let h: B— A denote a mapping such that h = {(2, 2), (5, 3), (6, 4), (7, 4)} which is a mapping from B to A.
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18.A=R-{3},B=R- {1}
f: A — Bis defined as f(z) = (z—:;)

Let x, y € A such that f(x) = f(y).

z—2  y—2
= z—3 y-3

= x-2)(y-3=¢-2)x-3)

= Xy-3x-2y+6=xy-3y-2x+6
= -3x -2y =-3y-2x

= 3x-2x=3y-2y

=Xx=y

Therefore, f is one-one.
Lety e B=R- {1}

Then, y # 1.

The function f is onto if there exists x € A such that f(x) =y.
Now, f (x) =y

=2y

=x-2=xy-3y
=x(l-y)=-3y+2
sz=2"cA [y#1]

. 2-3
Thus, for any y € B, there exists T: € A such that

2-3y
f 2-3y\ (ﬁ)’Q _ 2-3y-242% -y
1-y | <ﬂ)73 T 2-3y—3+3y -1 =Y
1-y
.. fis onto.
Hence, function f is one-one and onto.
19. i.Let f: N — N, be a mapping defined by f (x) = 2x
Which is one-one
For f(x;) = f(xy)
= 2X1 = 2X2
X1 = Xp
Further f is not onto, as for 1 € N, there does not exist any x in N such that f(x) = 1.
ii. Let f: N — N given by f(1) = f(2) = 1 and f (x) = x - 1 for every x > 2 is onto but not one-one. f is not one-one as f(1) = f(2)
= 1. But f is onto.

iii. The mapping f : R — R defined as f(x) = X2, is neither one-one not onto.
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