Solution

INTEGRALS SIMPLE AND SUBSTITUTION METHODS

Class 12 - Mathematics

d 12
= 5 = %ta 1= 4e
9+4x
. —x+x+1
. Writing Integral as I = [ X;ﬁdx
X —X

= 1 1

—x+f(X71 X)dx

=x +loglx - 1] - log |x| + ¢
Let(1+x%) =t

so 2x dx = dt

=>1=1[ed=1e +c=1 Le(+2’) 4 ¢
.fe21°gxdx=fx dx +c

€T

=—+C

3

sinz
.Letl= [ —————dxz
f sin® m+cos3 z
f tanz sec z sec x

tand z41
On substituting tan x = t and sec?x dx = dt, we get
1= [—dt
f t3+1
— f -t
(t+1)(t2 t+1)
t+1

t+1t+ ft2t1

_ 1 1 2t—1
= 3log|t+1|—|—6ft2 Tdt+ 5 ft2 5 dt
= —1log|t + 1|+ ¢loglt? —t + 1|+1 [ —————adt

B

= —1log|t + 1| +gloglt? — ¢t + 1]+%tan_1(%)

= —glog|tanz + 1| +glog|tan®z — tanz + 1| +—tan (%
. Let the glven mtegral be,
I=
f 2z+1
. . 2z _ A B
Now using partial fractions by putting, = + . (D)

(2¢+1)2  (2z+1)  (2z41)?
A(2x+1)+B=2x
Putting 2x + 1 =0,

.
=73
A0)+B=-1
B=-1
By equating the coefficient of x,
2A =2
A=1
From equation (1), we get,
22 _ _ 1 _ 1
(2z+1)2  (2z+1) (2a:+1)
2z
—22 ge_ —
f (2z41)? = f (2w+1 f (2z+1)?
__ log|22+1|
- 2 + 2(2z +1) +c
[log\2m +1[+ 5 +1} +c
.LetI= f m dx. Then,by rationalizing we have

f z{,/zFta—/z+b} d 7fw{\/m7«/w+b}dm
{VzFa+/z+b}{,/z+a—/z+b} a—b
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= I= %bf z\/T + a— zy/z + b}dz

= I=-L[{z+a-a)yzta—(z+b—b)yz+b}dx

= I=25[{@@+a?—avaFa—(@+b)*>+b/z+b}do

N %{ (z +a)’/? — 2a(x+a)3/2—g(x+b)5/2+%”(m+b)3/2}+0

.Itisgiventhatf'(x)=x+b
)= f(x+b)dx
:>f(x)——+bx+c .()
Since,

f(1)=5
'.%+bx1+c=5

= 1+b+c=5
:>b+c—— .(ii)

and, f(2) =13
é%+bx2+c=13
=2+2b+c=13

= 2b+c=11...(iii)

Subtracting equation (ii) from equation (iii), we get

= )
b=11— 3
=b=
Putting b = 1—3 in equation (ii), we get
13 9

=+ = =
2 C92 13
=575

9-13 -4 _

=c=—— = 2

Puttlngb— 73 and c = -2 in equation (i), we get
f()_T 7 X-2

. We have,

fx) = [ f'(z)dz

= f(x) = [(asinz + bcosz)dz
=-acosx+bsinx+c

S f(x)=-acosx+bsinx+c..(0)
Since

f'(0)=4

c.f'(0)=asin0+bcos0=4
=ax0+b=4

=b=4

Now,

f(0)=3
o.f(0)=-acos0+bsin0+c=3
=-a+0+c=3

= c-a=3..(i)

and,f(%)z
,'.f(§)=—acos(§)+bsin(§)+c=5
=-ax0+bx1+c=5

=b+c=5

=4+c=5[b=4]

=c=5-4

=c=1

Putting ¢ = 1 in equation (ii), we get
1-a=3

=-a=3-1

=-a=2
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10.

11.

12.

13.

14.

15.

=a=-2

Putting a =-2,b =4 and c = 1 in equation (i), we get
f(x)=-(-2) cosx +4sinx + 1

= f(x)=2cosx+4sinx+1

Hence, f(x) =2 cos x +4sinx + 1

lettanl x =t

=dt

tan "1z
= [ dx = [etdt
f 1422 f
=et+c
- etan71 Ty C

f cosecxdxr =

f cosecz( cosecx—cot z)
( cosecz—cot z)

= f %dt ,where (cosec x - cot x) =t

=log|t|+ C=log | cosec x - cot X | + C. [(cosec x - cot X) =t]

.. [ coseczdz = log | cosecx — cotz| + ¢
Take sinx =t

So we get

cos x dx =dt

By integrating w.r.t. t

2
Jtdt="5 +c
By substituting the value of t

(sinz)?

=T Tc
LetI= [tan® z sec? zdz
Puttanx =t
= sec? zdx = dt
L I= [edt
i
4
Hence, I = talfw +c
I= f 1+sinz

/T —cos ac

putx-cos x =t
= [1- (-sin x)]dx = dt
= (1+sinx)dx=dt
dt
Vi
=1
=[t2dt
1
=2t2 + ¢
1
=2(x — cosz)2 + ¢
Rationalize the given integrand we get
x VxFat/x—b
=/ =
z(\/TTa—+/z-b)
= f z+a—z—b dz

:>f \/z+a7\/z bd

x
ﬂf (\/:z:—l—a—\/:z:—b)dm
Assurnex—\/z
=dx=— 2\/t

Substituting values of t, and dt,

2+/t(a—b)
: Vo=
1 1/2 1/2
S (0t — (b e
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16.

17.

18.

N |

— (g (Vi+a)

now replacing x = Vit

(al ) ( (x4 a)

Letl= [ ——

sinz(3+2 cos z)
Multiply and divide numerator by sin x.

— f sin zdz
sin? z(342 cos z)

g(taz)%)

(1 59

%(w—b)%)

— f sin zdx
(1—cos? z)(3+2 cos z)

Letcosx =t
= - sinxdx = dt
dt
1= [—%
f (t2—1)(3+2t)
Now,
1 A , B ,_C
Let g — 1 T ot e

= 1=At+1)B+20)+B(t-1)(3+2)+C (t*-1)

Putt=1

=1=10A= A==

Putt=-1

=1=-2B=B=-1

Putt=-2

=1=2Cc=cCc=1

Thus,

I_l tdt1 1 tf1+ f3+2t

= 1010g|t— 1| — %log|t+ 1.+510g‘3+2t\ +c
Hence,

I= —log|cosa: -1/ - —10g|cosm+1 ‘Jr log’3 + 2cosz| +c.
Let the given integral be,

1
I= f p+qtanz dz
=[—t—dz
ey

— j‘ COS T - d:L’

pcoszrtgsinx

Let cos x = )\% (p cos x + g sin x)+ u(p cos X + g sin X)+v

cos X = A(-p sin X + q cos x)+u(p cos x+q sin X) + v
cosx=(-p A +qu)sinx+(q A +p p)cosx +v
Comparing the coefficients of sin x, cos x on the both the sides,
PpA+qu=0..(01)
gqA+pu=1..012)
v=0..03)
Solving equation (1), (2) and (3), we get

9
- ()

P

M =
v=0
Now,

f q (—psinz+gqcos z) o f
(p +4¢%) (pcos z+qSiH®) (o +q (pcos z+gsinz)

(»*+4?)

(pcos z+gsinz)

= 7 (10g\pcosx+qsm:c|) En )erc
Val+l log|z +1‘ 21og |z|]
4

T

dz

According to the question , I = [

B f \/12+1[log'z2+1‘710g \(z)2|]

4

dz [ mloga = loga™]

T
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19.

2241

Vz2+1log
= f—zdm - logm — logn = log = |
$
T /1+—log 2

=/ dx

14+ — log 1+L
L2

3

T

Put,1+zi2:t

= Z2dz = dt
T

od_ _dt
3

I=—% [/tlog t|dt
By using integration by parts ,we get
) log|t|ft1/2dt — f{%(logm)ftl/?dt} dt]

£3/2 B2 1

[t3/2log|t\ [ Vtdt]

[#3/210g |t] — g/ﬂ +C

3/2 [log\t| ] +C

w|>—ﬂ w|._. w|._. l\Dli—l N | =

(1+ )3_[10g‘1+w—12~—%} +ofrt=1+1]

2

suppose I = [ m;\f;ldac (1)

Let x + 1 = t% then we have,

d(x + 1) = d(t?)

=>dx =2tdt

using x +1 = t? and dx = 2t dt.. In equation (i), we have

I= j’z+”/_2tdt

_ (tzfl) 2
=2/ e 2tdt since,x =t* — 1

t+t1

_2|: t3

1:2[

}

dt] ...(ii)

t2 1
Let [, =

241
I —fmdt

and I3 f tz_ldt

3
Now, I = [ 5~dt

= (t - —) dt
, 241
t 1 2
& — slog(t* +1)
T=% — Liog(®+1)+cq (i)
Sll’lCe Iz fﬁdt
_ft2+1 1

t2+1

t2+1
= [ —=dt — [ —dt
t2+1 ft2 1

- fdt - f t2+1

= I=t-tan" (t?) + ¢y ...(iv)
_ i

ElIld, Ig = f Edt

= slog(1+ ) +c3..(v)
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Using equation (ii), (iii), (iv) and (v), we get

1= 2[% — 2 log(t? +1) +¢q +t- tan™ (1) + ¢ - Tlog(1 + 1) + 3]
=2[% +t-tan’! (%) - log (1 +t%) + ¢; + ¢ + c3]

=2 [% +t-tan’! (%) - log (1 + t2) + ¢4] [Putting cq + ¢ + ¢35 = ¢4]
=t+2t-2tan" (%) - 2 log (1 + t2) + 2¢,

=(x+1)+2y/zF+ 1-2tan’l(y/z + 1)-2log(1 +x + 1) + 2¢4
=(x+1)+2y/x + 1-2tan"'(y/z + 1) - 2 log(x + 2) + ¢ [Putting 2c4 = c]
SI=(x+1)+ 2/ + 1-2tan(yz + 1)-2log(x +2) + ¢
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