
“Nothing takes place in the world 
whose meaning is not that of some maximum or minimum”

- Leonhard Euler

7.1 Introduction
7.1.1 Early Developments
 The primary objective of differential calculus is to partition something 

. Applications of differential calculus to problems 

through the 18th

range of the study of forces into the realm of analysis.

 The development of applications of differentiation are also due 

 •
 •

used to determine the monotonicity of functions and there by to determine the extreme values 
of the quantities represented by those functions.

 •
engineering and sciences.

 •

using certain higher derivatives of  about a point are 
also discussed.

Learning Objectives

 • apply derivatives to geometrical problems
 • use derivatives to physical problems
 •
 • model  real  time  problems  for  computing  the  extreme  values  using derivatives
 • trace the curves for polynomials and other functions.

1832-1903

1
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2XII - Mathematics

7.2 Meaning of Derivatives
7.2.1 Derivative as slope

 Slope or Gradient of a line: l  

l  and the vertical line 

slope of the line l  and it is denoted as m . 

 The  slope  can  be  used  as  a  measure  to  determine  the increasing 
or decreasing nature of a line. The line is said to be increasing or decreasing 
according as m 0  or m 0   respectively. When m 0 y  

 represents a straight line in the 

m  denotes the slope of the line.

 Slope or Gradient of a curve:  be a given curve. The slope of the line joining the 

 and the point  is

   

h 0

 

 or .

 is the angle made by the tangent to the curve  at the 

point  is 

 

X  is also denoted by  and also called 

instantaneous rate of change
quotient.

 For the function  compute the average rate of changes in the subintervals  

 and the instantaneous rate of changes at the points x .

 The average rate of change in an interval  is 

of change at a point x  is  and 2x .

Fig. 7.2

Fig.7.1
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Applications of Differential Calculus3

a b x
is

 is

0 0.5 0.5 1

0.5 1 1 2

1 1.5 1.5 3

1.5 2 2 4

Table 7.1

7.2.2 Derivative as rate of change

 A common use of rate of change is to describe the motion of an object moving in a straight line. 

direction.

 The function s(t
t .  The velocity and the acceleration at time t is 

denoted as .

.

•  When the particle is at rest then .

  • .

  • .

  •  then changes its sign.

t1  and t2  

direction then the total distance travelled from time t1  to time t2  is calculated as 

  .

When 
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4XII - Mathematics

t 0  from initial height s0 v0

 .

g or .

 

 2. Velocity is the .

 3. Acceleration is the .

 4. The steepness of a hillside is the 
.

 •
. What 

is the meaning one can attribute to D ?

t = 3 .

 • t
t  days is expressed as . What is the meaning of the slope of the tangent to the curve 

 at t 7  is 3 ?

.

 The temperature T
length x  given by . Prove that the rate of change of temperature at the midpoint of the 

by . The mid point of the rod is at x 5 x 5 0 . 

 
t  days after learning is given by 

    t .

  Therefore at   .

2  days of studying.

Chapter 7 Differential Calculus Original-new.indd   4 26-02-2020   17:21:18



Applications of Differential Calculus

' 't  is s   
t

t .

  Velocity at time ' 't  is   2 2 .

  Acceleration at time ' 't  is   2 2 .

t t t
t . That is at time t 1.

s  feet in t
.

v(t

t .

   

  .

  The height at t 4  is s  ft.

s 0 .

   

    t seconds.

  The particle hits the ground at t 8  
v

t 0  is given by 

s  is measured in metres and t  in seconds?

 Given that and 

 gives t 1and t 3 .
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  if t  then both t  and t .

t  then t  and t .

t 3  then both t  and t .

t 1 and t 3 .

t 0  to t 2

s s s s  metres.

7.2.3  Related rates

changes.

 The volume of the baloon of radius r  is . 

 We are given r 7 . 

  .

r 7  and . 

  .

 The surface area S  of the baloon is 8 . 

 and r 7

     .

  

Fig.7.4
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Applications of Differential Calculus

P x is the number of 
 units are available and 

the supply is increasing at a rate of 

  P   
x

x

  .

. That is the 

price is 

h  and r  be the height and the base radius. Therefore 2 V  be the volume of the salt 
cone.

  V   p p .

  

   

  

    

the point P A  is driving 

B  is driving east along the second road. At a particular time car A  

is P B

of P

Fig.7.5
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XII - Mathematics

 be the distance of car A  north of P  at time t  the distance of car B  east of 
P  at time t  be the distance from car A  to car B  at time t

. 

. 

  c   
2 2

 

  c    

 at the time of intersect. 

EXERCISE 7.1
 1. t  seconds its distance from the origin 

is  metres.

t 3  and t 6 seconds.

t 3  and t 6  seconds.

 2.
of  in t  seconds.

 3. t 0 .

 4. x  is 3

respect to x x 5 units.

 5. x   
x 3  and x  

metres.
 6.  A stone is dropped into a pond causing ripples in the form of concentric circles. The radius r  of 

 7.

angle of 

 8.

 9.

Fig.7.6
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Applications of Differential Calculus

 

7.2.4  Equations of Tangent and Normal

plane curve at a given point is the straight 

line that  the curve at that point.

 The normal at a point on the curve is the 

tangent at that point.

 The tangent and the normal of a curve at 

a point are illustrated in Fig. 7.7.

.

 or .

 is the 

. 

 or .

at that point  the equation of the tangent is y y1  and equation of the normal is x x1 .

 at 

the  the equation of the tangent is x x1  and the equation 
of the normal is y y1 .

Fig.7.7
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10XII - Mathematics

 Find the equations of tangent and normal to the curve  at the point .

. 

 .

 The slope of the normal at the point  is . 

 

 .

 Find the points on the curve .

 The slope of the line 

    x x

x x   0 .

x   0 and x  2.

.

 and .

  

    
t

t

t

t
.

    

  t t t t . Fig.7.9

Fig.7.8
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Applications of Differential Calculus11

 

t

t

.

.

7.2.5  Angle between two curves

1 1  and 2 2

acute angle 

     
m m

m m

m
1
 and m

2

m m .

 and if m1  and m2

m m .

2  and .

x x

x point of intersection is 

slopes of the curves are as 

  For the curve y    x2

    2x .

1   at   3.

  For the curve y   x

    x .

2   at   3.

Fig.7.10
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  .

2  and 2  at their points of intersection 

m1  be the slope of the curve 2

   then m1   2 .

m2  be the slope of the curve 2

   then m2   .

1
 and 

2

 At 0 in the denominator of 

       

      

      

1
  .

 At m m  

     

     

2   .

Fig.7.11
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Applications of Differential Calculus13

 Find the angle of intersection of the curve x -axis.

 When the curve  intersects the positive x y 0  .

. The slope at x  n  are n n is

   
n

n     n

 and 

1 1 1 1
.

. This leads to .

. The slopes of the 

  For the curve 2 2    .

  For the curve 2 2    .

1  then

  0

0

0

0

  1.

  0

  0

  .

1 1
  

1 1
.

1 1
  

1 1
.

1 1
  

1 1

one can easily establish that the curves cut orthogonally. 
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14XII - Mathematics

 Prove that the ellipse  and the hyperbola  intersect orthogonally.

    8  and 

 is 1.

 x

    0

  Therefore   
4

.

  .

 x  gives

    0

  
2

.

  Then   2 2
.

m m   

  
a

  
b

.

 Therefore m m

orthogonally.

EXERCISE 7.2

 1.

 at x 1  at t
2

.

 2. Find the point on the curve .

 3. Find the points on the curve 

.

 4. Find the points on the curve 
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Applications of Differential Calculus

 5.

 at  at  

 at  at t
3

 6. Find the equations of the tangents to the curve 

.

 7. Find the equations of the tangents to the curve 
1

1
.

 8. Find the equation of tangent and normal to the curve given by  and  
at any point on the curve.

 9. 2  and the parabola .

 10. 2 2 2  and 2

7.3 Mean Value Theorem

f  is continuous on a closed interval c  and  

x  in the closed interval .

7.3.1 Rolle’s Theorem

 be continuous on a closed interval  and differentiable on the open interval  

.

 Geometrically this means that if the tangent is moving 

along the curve starting at   
 then there exists a 

parallel to the x -axis. 

' 'c theorem for the function 

 .

 is continuous in the interval  and is differentiable in  

  x x x .

Fig.7.12
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  0  gives c

c   .

 Find the value in the interval 

.

 is continuous in  and differentiable in f f

c

  gives c . As c 1. 

' 'c  in the 

interval .

f f  and  is continuous in the interval  and differentiable in 

    
x

x x
 

  0  gives

  
c

c c
  0

c   6

c   .

 and hence c 6

x x  has only one real root in the 
interval .

. Then  is continuous in  and differentiable in 

    x x
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Applications of Differential Calculus

  x x   0 . 

  x    but .

  x .

. Therefore 

the equation f  and f  

tells us the curve  crosses the x 0  and 1

theorem. Therefore the equation x x  has only one real root in the interval .

 

.

P P  is continuous in  and differentiable in  by an application 

 such that P

x x x  in the interval   given that 

2  and 7 x x x x .

 and observing

 in the interval .

  Q   

  Q     

  in the interval .
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f f   because  is not differentiable at x 0 .

.

  even though f f  is 

not continuous at x 0 .

 is continuous in the closed interval  and differentiable in the open interval 

f f .

 is continuous in the closed interval  and differentiable in the open interval  

and even if 

7.3.2 Lagrange’s Mean Value Theorem

 be continuous in a closed interval  and 

differentiable in the open interval f (a f (b

not 

    

as .

 A physical meaning of the above theorem is the number  can be 

thought of as the average rate of change in  over  and  as an instantaneous change.

change at some interior point is equal to the average rate of change over the entire interval. This is 

Fig.7.13
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second interval is 

 is continuous in closed interval   and differentiable in open interval  and if 
x x .

     

  0 x x   0 f (x
2

f (x
1

x x .

x x .

 The proof is similar.

 Find the values in the interval 

 for x .

 f  and f x

c  such that

    

c   c .

curve 

 and  is parallel to a tangent line of the 

.

 There are three important consequences of MVT for derivatives.

 for all x  in f  is constant on .

 for all x  for some constant C .

Fig.7.14
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7.3.3 Applications

 

notice. Justify this using the Mean Value Theorem.

' 't  hours. This is a continuous function in 

 and differentiable in f  and f

c

.

 is a differentiable function for all x  and f . What is the 

maximum value of f ?

c

  
f f

  .

f   

f  is .

.

. Applying the mean value theorem  there exists c

    

  c  

  | | .

0 .

Chapter 7 Differential Calculus Original-new.indd   20 26-02-2020   17:23:07



Applications of Differential Calculus21

thermometer to raise from  to 
time t is  per second.

 be the temperature at time t

    

    

    

     per second.
t is  per second.

EXERCISE 7.3

 1.
intervals.

 

 2. x  

x

 

 3. 

 4. x

 

 5.

 on a closed interval of positive numbers  is 

 on any interval  is 
2

.

 6. 
 

 7.  for all x f f .
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 8.  such that f f  and  for 

all x

 9. 

parallel to the x -axis.

 10. .

7.4 Series Expansions

. Then  can be expanded as a 

    .

a 0

     

 The series expansion of 

    

 gives 

    

 gives 

    

 gives 

    

k  times gives
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Applications of Differential Calculus23

 gives 

. 

.

x x

 is 

  various derivatives of the function  evaluated at x 0

x
x 0

x 0

1

1 x
1

x 1

x 2

x 6

Table 7.2

xpansion of the function given 

x x
x x x

x

x x  upto 5th
p p
2 2

x .

. Then the Mclaurin series of  is

 .

 Various derivatives of the function  evaluated at x 0
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    x x x

    x x x x x x x x x x

    x x x x  

    x x x x x x x x x

    x x x x

    x x x x x .

x  
x 0

x  0

x  1

x x  0

x x x  2

x x x x  0

x x x x x   

Table 7.3

x x x x  ; 
p p
2 2

x .

 Write the Taylor series expansion of 
1

x
 about x 2

 is

.
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 Various derivatives of the function  evaluated at x 2

1

x x 2

1

x
  

x
  

x
  

x
  

  
1

x
  

x x x
 

1

x
  

x x x
 

EXERCISE 7.4

 1.

x x

x ; x x  ; x x

 2. x  about x 1
terms for x

 3. x x
4

 4. f (x x2 x x

7.5 Indeterminate Forms
the 

7.5.1 A Limit Process
 While computing the limits

 of certain functions 

.
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the limiting behaviour of a function.

ôpital’s 

7.5.2  The l’Hôpital’s Rule 

 and  are differentiable functions and 

    . Then  

    . Then  

7.5.3  Indeterminate forms  

x

x x

x x
 .

x 1
0

0
. As the 

numerator and the denominator functions are polynomials of degree 2 they both are differentiable. 

ô

  
x

x x

x x
  

x

x

x
 

    .

denominator as 
x x

x x

x x

x x
 .

.

 
0

0
. As the numerator and the denominator functions are polynomials they both are differentiable. 
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 ô

     

    1 .

 .

x 0
0

0
ôpital’s 

    

    m
 The next example tells that the limit does not exist.

x

x

x
 .

x 0
0

0
ôpital’s 

   
x

x

x
  

x

x

x
 

   
x

x

x
  

x

x

x
 

ôpital’s rule once again in 
x

x

x
 to conclude

  
x

x

x
  

x

x
.

.

 As this is an indeterminate form 
0

0
ô
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2

2

  Therefore m2   n2  

  That is m   n .

x

x

x
 .

 This is an indeterminate form ô

x

x

x
  

x

x

x

    
x

x

x
.      

    
x

x x
 

    
x

x x  

    0 .

.

 This is an indeterminate of the form 

the form 
0

0
ô

     

     

    .
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x
x x .

 This is an indeterminate of the form 

to the form ô

  
x

x x   
x

x

x
 

    
x

x

x

   
x

x .

x

x x

x
.

 This is an indeterminate of the form ô

x

x x

x
  

x

x

x

    
x x

   0 .

.

 This is an indeterminate of the form . 

ô m  times.

   

    .

0,1  and 0

of a composite function.

 exist and let it be L  and let  be a continuous function at 

    .
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A 0  to ensure the 

. Therefore using the above 

     .

 into either 
0

0
 or ô

. Then the required limit is e .

ô .

 This is an indeterminate of the form 1

    
x

x
 

    
x

x

x

    
x

x ô

    1 .

   

  1.

.

x

xx .

 This is an indeterminate of the form 0 . 

  x x .

    
x

x
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x

x

x
 

    
x

x

x

ô

    
x

x

x
 

   
x

    .

e .

x

xx .

. This is an indeterminate of the form 1 x

    
x

x
.

  
x

x

x
.

ô

  
x

x   1.

 .

  
x

xx   e
e

1 1
.

EXERCISE 7.5
ô

 1. 
x

x

x
  2. 

x

x

x x
 3. 

x

x

x

 4. 
x

x

x
 5.  6. 

x x x
 

 7. 
x x

x

x  
8. 

x

xx  9. 
x

x

x
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 10. 
x

xx
p

 11. 
x

xx

 12. A0 of money is invested at an interest rate r compounded n

the value of the investment after t years is .  

n t years is 0

7.6 Applications of First Derivative
 for its monotonicity  

 

7.6.1 Monotonicity of functions

 Monotonicity of functions are its behaviour of increasing or decreasing.

 A function  is said to be an increasing function in an interval I  

 if .

 A function  is said to be a decreasing function in an interval I  

 if .

 The function 

 is 

decreasing in  and is increasing in . These functions are simple to observe for their 

 is differentiable in an open interval 

     

  then  is increasing in the interval 

     

  then  is strictly increasing in the interval .

  The proof of the above can be observed from Theorem 7.3.

 is decreasing in the interval  if
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 is strictly decreasing in the interval  if

     

It is false to say that if a differentiable function 

 on I  is strictly increasing on I then  for all .

prove that .

  3 3   

    

     

    0  since 0 0 .

0 3  is strictly increasing 

in x 0 .

 A stationary point  of a differentiable function .

 A critical point  of a function  or does not exist.

x,y f x from the domain of f is 

points. 
 has a critical point at  but  is not a stationary 

point as the function has no derivative at x .

 Prove that the function  is strictly increasing in the interval  and strictly 
decreasing in the interval .

    x x  and
    x x  

 and hence the proof is completed.
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 Prove that the function  is strictly increasing in .

 is strictly increasing in 
.

7.6.2 Absolute maxima and minima
 The absolute maxima and absolute minima are referred to describing the largest and smallest 

values of a function on an interval.

x0  be a number in the domain D of a function . Then  is the absolute 

maximum value of on D 0 and  is the absolute minimum 

value of  on D  if 0 .

absolute 

maximum and an absolute minimum on every closed interval.

 Fig. 7.15 Fig. 7.16

 has an absolute minimum but no absolute 
maximum on 

has no absolute extrema on .

 has an 
absolute maximum and 
an absolute minimum 

on 

has no absolute 
extrema on .

 has an 
absolute maximum and 
an absolute minimum 

on 

Fig. 7.18 Fig. 7.19Fig. 7.17
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is continuous on a closed interval f has both an absolute maximum and 
an absolute minimum on .

 The absolute extrema of occur either at the endpoints of closed interval or inside 

the open interval 

of 

function on closed interval .

on closed 

interval . 

Find the critical numbers of  in 

at all the critical numbers and at the endpoints a and b

The largest and the smallest of the values in step 2 is the absolute maximum and 

absolute minimum of  respectively on the closed interval .  

 Find the absolute maximum and absolute minimum values of the function 

on 

     x x
     x x
     x x

.

x at the endpoints x and at 
critical numbers x f f f  and f . 

x 2
minimum is 7 x 1.

 Find the absolute extrema of the function on the closed interval .

 .

at the endpoints x and 
at critical number x f f f 3 .

3 x
minimum is 3 x .
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7.6.3  Relative Extrema on an Interval
 A function is said to have a relative maximum at x0

x0 is said to have a relative minimum at x0

there is an open interval containing x0  is the smallest value.

maximum or relative minimum on the entire domain.

among all the evaluated values of I  may be open or closed. Usually the 

point at 3  

and 
origin. 

 has a relative extrema at  then c
critical numbers of the function obtained as solutions of the equation  or as values of x 

 does not exist.

7.6.4 Extrema using First Derivative Test

not 

extrema occurs for a given function  can be observed through the graph 

 be a critical point of 

function  that is continuous on 

an open interval I  containing c

 is differentiable on the 

c

I 

 changes from negative to positive at c  has a local minimum .

 changes from positive to negative at c  has a local maximum .

 is positive on both sides of c  or negative on both sides of c  is neither 
a local minimum nor a local maximum.

Fig. 7.20
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function .

    x

     x  gives x 2  .

 The intervals of monotonicity are  and x  the 

function  is strictly decreasing on . As x  the function  is 

strictly increasing on 
through x 2  for the function x 2 . The local minimum value is 

f .

 .

. 0  and  does not exist at 

x 0 x 0 .

 
_ +

Monotonicity strictly decreasing strictly increasing

 Table 7.5

changes its sign from negative to through x 0 for the 

function x 0 .The local minimum value is f 0 0 here 

 Prove that the function  is increasing on the real line. Also discuss for the existence 
of local extrema.

and hence the function is 
increasing on the real line.

test there is no local extrema.

x
x

x
.

Fig.7.21
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    x
x

x

  
x x

    
x

x
.

 is 

x

x

x

 

 Therefore  is strictly increasing for x 0  and strictly decreasing for x 0  

x 0

is a local minimum at x 0 f x 0  gives

x
x

x
x

x

x
  on .

 Find the intervals of monotonicity and local extrema of the function .

x .

    x x x .

  Therefore   x x .

 The stationary numbers are given by x   0 .

  That is  x   e 4 .
e  and e .

 At  and hence in the interval e  the function is strictly 

decreasing.

At  and hence strictly increasing in the interval e
4

us there is a local minimum at 4  and it is .

 Find the intervals of monotonicity and local extrema of the function  .

x . As

    
x

  
x

x
.
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 The stationary numbers are given by 
x

x
  0  that is x 0 .

and .

the function strictly increases because  in that interval.

 The function  strictly decreases in the interval  because  in that interval. 

x 0

tells us there is local maximum at x 0  and the local maximum value is f .

 Find the intervals of monotonicity and local extrema of the function .

x

    
x

x

    
x

x
.

 The stationary numbers are given by x   0   that is x 1.

and .

 
_ + _

Monotonicity strictly decreasing strictly increasing strictly decreasing

Table 7.6

strictly increasing on 

and .

 changes from negative to positive 

x 1 test 

tells us there is a local minimum at x 1 and the local 

minimum value is f . As hrough 

x 1 maximum at x 1 and the local maximum value 

is f .

Fig.7.22
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EXERCISE 7.6
 1.

    ;  ; 

 ;  ; 

 2. 

7.7 Applications of Second Derivative

at a point if the tangent line lies above the graph in 

of the point. This may be easily observed from the adjoining graph. 

. Then the 
function  is said to be 

 is strictly increasing on I I .

 is strictly decreasing on I I .

 on an open interval I  is concave up on I .

 on an open interval I I .

 is also its 
absolute maximum on this interval.

 is also its 
absolute minimum on this interval.

Fig.7.23
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than one local maximum or minimum.

 or 
 are called the  .

 exists and 

f . 

.

either

 or

 does not exist at the point.

 at c 0 .

 at a point but 

 at c 0 .

 and   and hence 
point for .

     x x x  

    x x

    x x x

    x x

     0   x x . Fig.7.24
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 The intervals of concavity are tabulated in Table 7.7.

 + _ +

concave up concave up

 and .

.

 As x 1 and  and 
f . The sign change may be observed 

. 

.

2  and 

    x  and  

2

2
  .

intervals  and .

Therefore  is 

of the curve are n n n
that n

7.7.2 Extrema using Second Derivative Test

 

the graph of a function is a relative minimum or maximum.

c  exists in a neighborhood of c

and that  exists. Then f  has a relative maximum value at c  if  and a relative 

minimum value at c  if 

Fig.7.25

Table 7.7
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 Find the local extremum of the function .

    x  gives x

  x   2

  and    x .

 As f x 2 . The local minimum value is

f .

 Find the local extrema of the function .

 

     x x

    x x

    x x x

 0 x

numbers are x .   

.

 f f 0 0 f .   

As f 1 and f 1 has local 

x 0 f . That is the second derivative test does not give any information 

about local extrema at x 0

of monotonicity is tabulated in Table 7.8.

Monotonicity
strictly 

decreasing

strictly 

increasing

strictly 

decreasing

strictly 

increasing

Table 7.8

 has local minimum at x 1 2. 
At x 0  has local maximum at x 0 0 . At x 1  
the function  has local minimum at x 1 2 .

Fig.7.26
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 Find the local maximum and minimum of the function 2 2  on the line .

    x x x x x x

  x x x x x x

    x x x x  

  and    x x

 The stationary numbers of  are x  at these points the values of  are respectively 
 and . At x 0 f . At x 5

maximum and its value is f . At x f .

EXERCISE 7.7

 1.

 2.

    

 3. For the function 

7.8 Applications in Optimization

certain conditions.

 

 

 

 
the problem.

 

the box of maximum volume?
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x   length of the cut on each side of the little squares.

  V   the volume of the folded box.

x  is x . The depth of the box 
after folding is x x 0  or 6

. 

  x x x

    x x .

 0  gives the stationary numbers x

 the only stationary number is at x . 

changes its sign from postive to negative 

x 2 . Therefore at x 2  the 

volume V  is local maximum. The local maximum volume 

value is V

 Find the points on the unit circle  nearest and farthest from .

 The distance from the point  to any point  is 

extremising  d

x .

 

    

    

    

 lie on the circle x x

. 

Fig.7.28

Fig.7.27
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2

2
  .

 The value of .

 This implies the nearest and farthest points are  respectively. 

 and .

 A steel plant is capable of producing x y tonnes per day 

order to have maximum receipts.

p per tonne. Then the price of high-grade steel is 2p per 
tonne. 

 The total receipt per day is given by 

to maximise R R x

   R   

    

  
2

2
  

  x x  and hence x  

  At   0

and hence R x  then y 5 5 . Therefore the steel plant must 

 and 5 5 .

 Prove that among all the rectangles of the given area square has the least perimeter.

 

perimeter of the rectangle P is  suject to the condition 

.
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    0  

 As x y   is a critical number. 

 has its minimum value at .

 in  . Therefore the minimum perimeter rectangle of  

a given area is a square.

EXERCISE 7.8

 1.

 2.

 3. Find the smallest possible value of 2 2 given that . 

 4.

 5. A rectangular page is to contain 24 cm2 of print. The margins at the top and bottom of the page 
are 1.5 cm and the margins at other sides of the page is 1 cm. What should be the dimensions 
of the page so that the area of the paper used is minimum.

 6. A farmer plans to fence a rectangular pasture adjacent to a river. The pasture must contain 

river. What is the length of the minimum needed fencing material?

 7.
radius 10 cm.

 8.

 9. Find the dimensions of the largest rectangle that can be inscribed in a semi circle of radius r  cm.

 10.  

 11. The volume of a cylinder is given by the formula 2 . Find the greatest and least values 
of V if 6 .

 12. a cm and height b

volume of the largest cylinder that can be hidden underneath is times volume of the cone.

7.9 Symmetry and Asymptotes

7.9.1 Symmetry
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 Fig.7.29 Fig.7.30 Fig. 7.31

 A curve is said to have a 
unchanged by a rotation of an angle  

 is said to be 

 • y  if   or if   is a point on 
the graph of the curve then so is y-axis the portion of the 

curve on one side of the mirror is the same as the portion of the curve on the other side of the 
mirror.

 • x   if  or if  is a point on 

the graph of the curve then so is x -axis the portion of the 
curve on one side of the mirror is the same as the portion of the curve on the other side of the 
mirror.

 •  if  or if  is a point on 

the graph of the curve then so is 

180°  about the origin.

 and  
x y-axis and origin respectively.

7.9.2 Asymptotes
 An asymptote for the curve   is a straight line 

 1. x -axis. The line 

asymptote for the curve  if either  or .

 2. y -axis. The line  is said to be vertical 

asymptote for the curve  if   or .

 3. 
a higher degree than the polynomial in the denominator.

division or synthetic division.
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 Find the asymptotes of the function .

x x
 and  

x x
the required vertical asymptote is x 0  or the  
y -axis.

y 0  or the x -axis is also an asymptote. 

.

nd st

x x x
x x

x

x

x

division 

is  11.

11

 Find the asymptotes of the curve .

 As 
x

x

x
 and 

x

x

x
. 

 Therefore x 4  and x 4  are vertical asymptotes.

  As  
x

x

x
  

x

x

x

2

Fig.7.32

Fig.7.33

Fig.7.34
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  and  
x

x

x
  

x

x

x

2

y =

7.10 Sketching of Curves

.

 .

 is the entire 
real line.

y 0 x . Therefore the  

x -intercepts are  and  putting x 0

get y 6 . Therefore the y -intercept is .

 and hence the critical point of the curve 

occurs at x .

. Therefore at x  the curve has a 

f .

y

Fig.7.35
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.

.

 are 
the entire real line.

y 0 x 3

x -intercept is . Putting x 0  

y 9 y-intercept is .

 and hence the critical points of the curve 

occur at x 2 .

. Therefore at x 2  the curve has a local 

minimum because f . The local minimum 

is f x 2  the curve has a 

local maximum because f . The local 

maximum is f .

0  at x 0  and x 0 . Therefore 

f .

.

.

  are respectively 

R   and the entire real line.

y 0 x . Therefore the  

x -intercept is . Putting x 0 y 0. 

Therefore the curve passes through the origin.

Fig.7.36

Fig.7.37
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 and hence the critical point of the curve occurs at x 1 as f  does not 

x x x 1.

x 1 is not in the domain of the function and 
maximum or local minimum.

in  

x 1 is not in the domain  there is no point of infection for . 

x

x x

x
 and 

x

x x

x
x  is a vertical asymptote.

.

 is .

y 0 x 0 x -intercept is .

x 0 y 0 y -intercept is . 

.

  Hence, does not exist at x . Therefore, critical numbers are x . 

The intervals of monotonicity is tabulated in Table 7.9.

 
_ _ _

Monotonicity strictly decreasing strictly decreasing strictly decreasing

Table 7.9

local extrema.

 . 

0 0 and does not exist at x .
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  The intervals of concavity is tabulated in Table 7.10.

 
_ + _ +

concave 
concave up

concave 
concave up

Table  7.10

 x 1 and 1are not in the domain of and at x 0

x 0

f .

 . Therefore y 0

x 1 .

 
x

x

x
, 

x

x

x
,

 
x

x

x
, 

x

x

x
.

 Therefore x 1  and x 1  are 

vertical asymptotes. 

 The rough sketch of the curve is 

shown on the right side.

EXERCISE 7.9

 1.

 2.

4  

1

1
 

Fig.7.38
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EXERCISE 7.10

 1. The volume of a sphere is increasing in volume at the rate of  .  

 cm 

1

2
 2.

balloon left the ground. The rate of change of the balloon’s angle of elevation in radian per 

 3. t is given by 

t 0 t t 1 t 3  

 4. t seconds is given by . 
The stone reaches the maximum height in time t seconds is given by

 5. The point on the curve y-coordinate changes 8 times as fast as x-coordinate 
is

 

 6. The abscissa of the point on the curve  

?

8 4 2

 7. The slope of the line normal to the curve  at x  is

4  

 8. The tangent to the curve 

y 0 y 3 y y 3

 9. 2  and 2  at the origin is

2 4
 

 10. The value of the limit 
x

x
x

 is
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 11. The function x x  is increasing in the interval

 

 12. x x x  is

2

 13. The number given by the Mean value theorem for the function 
x

x  is

 14. The minimum value of the function x  is

 15. The maximum slope of the tangent to the curve  is at

x
4

x
2

x x  

 16. The maximum value of the function  is

1

e e e

4
4e

 

 17.  to the point  is 

 

 18.

 

 19. The curve 0  

 20.  is
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SUMMARY

 • represents instantaneous rate of change of y x .

 • 

 • The equation of tangent at  to the curve is given by  or 

.

 • 
be continuous in a closed interval and differentiable on the open interval 

0 .

 • 

be continuous in a closed interval and differentiable on the open interval  

f (a f (b such 

that .     

 • Taylor’s series
. Then can be expanded as a 

series in an interval 

           

 • Maclaurin’s series

a 0

       

 • 

and are differentiable functions and 0

  . Then  

  . Then   

 • is differentiable in an open interval 0  

then  is strictly increasing in the interval .
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  if 0 then  is strictly decreasing in the interval      

 • on a closed interval 
.      

 in .

at all critical numbers and at the endpoints a and b .

and absolute minimum of respectively on the closed interval .             

 • 

be a critical point of function  that is continuous on an open interval I
containing c c  can 

I

 changes from negative to positive at c  has a local minimum 
f (c

 changes from positive to negative at c  has a local maximum 
f (c

 is positive on both sides of c c  then  has 
neither a local minimum nor a local minimum.             

 • 

c 0 exists in a neighbourhood of 
c exists. Then f has a relative maximum value at c if 0  and a 
relative minimum value at c if 0 0
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